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Question 1 [20 marks} 
A linear mapping L: R* > R? is given by 


— 
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(a) Find a basis of the kernel of Z. Determine the nullity of L 
(b) Find a basis of the image of L. Determine the rank of L. 


(c) Find a complementary subspace V, to the kernel of Z and find a basis of V; that 
completes the basis for ker L found in part (a) to a basis of Vi & ker L. 


(d) Show that the images of the basis vectors of V; from part (c) form a basis of im LD 
and find a complementary subspace W2 to im L by completing the basis of im L to a 


basis of R°. 


(ec) Compute the matrix of L with respect to the new bases constructed in parts (c) and 


(d). 


Question 2 [20 marks} 


(a) Find the eigenvalues and eigenvectors of the matrix 


3 —4 
A= : 
2 -3 
(b) Does A diagonalise? If so, find a matrix P such that P~!AP is diagonal. Compute 
P-LAP. 
Question 3 [20 marks} 


Find a reduced singular value decomposition of 


fit x0 
Qe 4: <I, 
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Question 4 [20 marks} 
Decide if the following statements are true or false. Give a proof for the correct state- 


ments and give a counterexample for the wrong ones. 


(a) If L: V — V is an invertible linear operator then its inverse L~! is also linear. 


(b) Let U,V,W be linear subspaces of some vector space. Assume UMV = {0} and 
UW = {0}. Then UN (V+ W) = {0}. 


(c) If it is known that for some linear operator T: C” — C” any invariant subspace U 


has a complementary invariant subspace V then T is diagonalisable. 


(d) If all eigenvalues of a 2 x 2 matrix A are real, then the eigenvalues of A? are also real 


and non-negative. 


Question 5 [20 marks} 
Let V be the 3-dimensional vector space of all polynomials of order less or equal to 2 


with real coefficients. 


(a) Show that the function B: V x V > R given by 


1 
B(f.a) =f fleatt)at 
st 
is an inner product and write out its Gram matrix with respect to the basis (1, t, ¢?). 


(b) Find an orthonormal basis of V with respect to the inner product B. 
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